We study the effect on quantum spectra of the existence of small circular disks in a billiard system. In the limit where the disk radii vanish there is no effect, however this limit is approached very slowly so that even very small radii have comparatively large effects. We include diffractive orbits which scatter off the small disks in the periodic orbit expansion. This situation is formally similar to edge diffraction except that the disk radii introduce a length scale in the problem such that for wave lengths smaller than the disk radius we recover the usual semi-classical approximation; however, for wave lengths larger than the disk radius there is a qualitatively different behaviour. We test the theory by successfully estimating the positions of scattering resonances in geometries consisting of three and four small disks.
The presence of discontinuities in classical Hamiltonian systems implies the necessity of a closer study of the quantum mechanics when doing semiclassical periodic orbit theory [1] and has been the theme of numerous recent papers [2] [3] [4] [5] [6] [7] [8] [9] . The approach is to study the quantum scattering problem near the discontinuity, combine this with classical information about classical trajectories away from the discontinuity to find global quantities such as the trace of the quantum Green function. In doing so, we maintain the local-global duality inherent in periodic orbit theory. In this paper we discuss one class of discontinuity, that of small circular scatterers. In the context of the Sinai billiard, the perturbative effect of a small disk in the quantum [10] and classical problems [11, 12] was studied, but not with a scattering interpretation. By small, we mean smaller than the typical wavelength in the problem. The opposite limit, of scatterers much larger than a typical wavelength, can be evaluated using classical periodic orbits reflecting off the disk plus creeping diffraction to account for the discontinuity associated with glancing orbits [2] [3] [4] 7] .
We will analyse billiard systems in two dimensions and therefore seek the Green function of the Helmholtz equation
with some specified boundary conditions. In the absence of any boundaries, the Green function between a source at x ′ and a receiver at x is G f (x, x ′ , k) = −iH 
where θ and θ ′ are the polar angles of points x and x ′ as measured from the disk centre.
The first line follows from using Graf's addition formula for H
0 (z) [13] together with the S-matrix of the disk scattering problem. The second line can be seen to equal the first by another application of Graf's addition formula and the expansion of J m (z) in terms of H (±) m (z). This has the appealing structure of being the free space Green function plus a correction. Whether the correction is small or large depends on the geometry of the problem and on the wave number k.
We now make the assumption that the disk radius a is much smaller than the typical distance to points x and x ′ from the disk. We further assume the semiclassical condition
0 (z) (assuming |z| ≫ 1 and |z| > m), we obtain
Although the asymptotic forms used for H m (ka) is already very small. We then conclude that in the presence of a small disk centred at position ξ, the Green function between two points separated by an angle φ as measured from ξ is approximately
where we have defined a diffraction constant The Green function (4) has a direct contribution as if there were no disk plus a contribution in the form of a product of Green functions which arises from scattering off the disk. This is the same structure which exists in the presence of vertices [14] where we obtain the diffraction constant from the solution of the wedge scattering problem solved by Sommerfeld [15] . Despite the similar form, there are two aspects of the problems which are quite different. The small disk diffractor has no internal orientation but does have an internal length scale, a. In contrast, a wedge has an internal orientation, as given by the direction of its normal, but has no internal length scale. The existence of an orientation means that there are choices of incoming and outgoing angles for which the vertex diffraction constant diverges whereas this never happens for the disk. On the other hand, the lack of an internal length scale means that the vertex diffraction constant is independent of k whereas for the disk it is clearly k-dependent. The systems do share the property that we can trivially extend them to include problems with a potential V (x) [9] . We assume that the potential does not change much in a wavelength and thereby compute the diffraction constant with k = 2m(E − V (ξ))/h, the wave number at the disk. Eqs. (4) and (5) then apply where G f is the Van-Vleck approximation to the Green function for that potential in the absence of a disk.
So far we have made no assumption on the value of ka. For ka ≫ 1 we recover the expected geometrical structure, as we discuss below. There is qualitatively different behaviour for ka ≪ 1 and a cross-over for ka ∼ 1. In the limit ka → 0 we note that
2m /m!(m − 1)! for m = 0 and only the m = 0 term contributes significantly. We call this the s-wave limit. From the approximations
valid for small ka (where γ e = 0.577 . . . is Euler's constant), we derive the s-wave approxi-
which is independent of scattering angle φ. As ka → 0, the denominator of Eq. (7) grows logarithmically so that the diffraction constant goes to zero and the disk has no effect, which is reasonable. However, this happens very slowly so that even for very small values of ka there is still an appreciable effect, as we will demonstrate.
It might seem surprising that the diffraction constant vanishes as a → 0 since we are demanding that the wave function vanish at a point, and it might be thought that this should have some effect. That this is not so can be understood with the example of an annulus in which the central disk is very small. Although the wave function does indeed vanish on the disk, it increases very rapidly so that within a small distance the wavefunction is indistinguishable from one in which there were no central disk. In this sense, the wavefunctions (and eigenvalues) are virtually indistinguishable from those corresponding to the disk-free system. In Ref. [16] , the author argues that disks of zero radius continue to have an effect, but the system he was considering was equivalent to an infinitely thin line charge in an electro-magnetic wave guide. In his language, our disk is uncharged and there is no contradiction between his conclusions and ours. The difference is in the order one takes the limits a → 0 and k → ∞. In Ref. [16] , one starts with the first limit (while maintaining a finite interaction) whereas we consider the second limit while holding a small but fixed.
As a result, the problems are quite distinct. For example, in the short wavelength limit the disks considered here will start having a large, classical effect (i.e. when ka is of order 1) whereas in the system mentioned above the effect of the scatterer vanishes for large k [17] .
In the context of edge diffraction, it has been shown [3, 6, 9] that if a Green function has the multiplicative form of Eq. (4) then the trace of the multiplicative part receives contributions from periodic paths which are everywhere classical except at the singularity where they are allowed to diffract by an arbitrary angle. The contribution of such an orbit γ to the trace of the Green function is
where n is the number of diffractions, having diffraction constants d i and occurring at points Following Refs. [3, 4, 8] we write down the semiclassical diffractive zeta function [18] whose zeros approximate the exact quantum resonances,
where
This results follows from the semiclassical approximation
so that the sum over all diffractive orbits in Eq. (8) is the logarithmic derivative of the zeta function (9). The product is over just the primitive orbits; their repeats have already been summed. In a system with coexisting geometric and diffractive orbits, we need to multiply the corresponding zeta functions [3, 4] . The result is a purely formal product which must be regulated differently for scattering [19] [20] [21] and bound [22] problems so that its zeros are the semiclassical eigenvalues of the full problem and not the zeros of the individual terms in the product. The diffractive zeta function involves no additional product as happens for geometric orbits [23] , resulting in there being only leading resonances in scattering calculations [5, 8] .
We now specialise the discussion to scattering geometries featuring three and four small disks arranged symmetrically in the plane [24] [25] [26] [27] [28] [29] [30] We then have F i = L i , which is the length between the centres of two disks and σ = 0 since there is no focusing. We first discuss the three disk problem as shown in Fig. 1a (we exaggerate the size of the disks to make the discussion clearer.) Starting from one of the disks, there are two distinct possible processes.
We can go to one of the other two disks and either scatter back to the original disk or scatter on to the third disk. We assign these two processes the symbols 0 and 1 respectively [28] .
The weights are t 0 = d(0)u and t 1 = d(π/3)u where the factor
is common to both orbits and R ≫ a is the inter-disk spacing.
Notice that there is a C 3v symmetry to this problem [26] [27] [28] [29] consisting of the identity, rotations by ±2π/3 and reflections through the three symmetry axes. This group has three irreducible representations which are called A 1 , A 2 and E. We can make use of this symmetry by considering dynamics in the fundamental domain [31] , which in this case is a wedge consisting of one sixth of the plane as indicated in Fig. 1a . One does this by following a trajectory and using the symmetry operations to map the trajectory back into the fundamental domain whenever it crosses a boundary. In the fundamental domain of the three disk problem, there is only one half disk. A trajectory can leave this half disk in only one direction, which is labelled A. Upon encountering the border of the fundamental domain, a reflection operation is applied so that the trajectory returns to the disk, where it has two choices. It can either diffract back onto A or it can diffract into the direction A'. In the second case, we apply a reflection operator again to map this back onto A. These two possibilities are both diffractive periodic orbits of the fundamental domain and have the weights t 0 and t 1 discussed above. Each orbit has an additional group theoretic weight given by the characters (in the representation being considered) of the group operations needed to keep the orbit in the fundamental domain [29] .
In general there are longer periodic orbits as labelled by whether they back scatter or forward scatter at each encounter with the disk. These can be then labelled by a binary sequence of 0's and 1's. However, there is a multiplicative property to the weights such that the weight of any long orbit is equal to the product of the weights of shorter cycles.
For example t 001 = t 2 0 t 1 since they both equal d
This property means that we can represent the zeta function as being the determinant of a Markov graph [32] , which is drawn in Fig. 1b . The single node in the graph, A, is connected to itself by the processes 0 and 1 described above.
All the characters of the totally symmetric representation A 1 are unity, which simplifies its discussion. To find its zeta function, we simply read off from the Markov graph all nonintersecting closed loops. In this case there are only two and we get the simple result
This formula agrees with the result found in Refs. [28, 29] for the special case where all the higher order "curvature corrections" [19] [20] [21] vanish identically. This vanishing is simply a result of the fact that we have a one node graph so we only need consider weights of topological length one. Armed with this rule, we can then read off from Refs. [28, 29] the zeta functions of the other two representations. These are
We could have ignored the symmetry decomposition and simply drawn the six node Markov graph of the full problem as shown in 
This equals the product ζ −1
E of the symmetry decomposed zeta functions above. In addition to the additional complexity of its Markov graph and zeta function, the full zeta function has the further disadvantage that we do not know to which symmetry class one of its zeros belongs. However, this exercise is useful in verifying that our use of the results of Ref. [28, 29] is well founded.
The exact resonances of this geometry can be found numerically by finding the zeros of the determinant of a matrix. This matrix is [27] M nm = δ nm + A nm (16) where for the A 1 resonances
Expressing detM in a cumulant expansion [2, 33] , valid because A is trace-class [33] , yields
where from Eq.(17) one obtains [2] trA =
We now impose the same constraints as before, namely kR ≫ 1 and R ≫ a so that we can replace H 
Then using Eqs. (5) and (12) and the asymptotic form of H
0 (kR), we find
We see that truncating the cumulant expansion at the term linear in A and invoking the relevant approximations gives the same equation for detM = 0 as we earlier derived for ζ −1 = 0. This is reassuring since it means that we understand the error caused by replacing
0 (z) in Eqs. (3) and (20); it is the same as neglecting higher order terms in the cumulant expansion. As shown in Refs. [2, 33] , this is equivalent to neglecting higher order curvature corrections in the cycle expansion.
The identification between the quantisation conditions ζ −1
A 1 = 0 and detM = 0 tells us something else. In Ref. [2] it is shown that one can extract the contribution of geometric orbits and diffractive creeping orbits from trA by invoking Watson contour integration to replace the sum of Eq. (19) . This means that the diffraction constant contains information about periodic orbits and creeping. Therefore, even in the limit ka ≫ 1, the formalism described here still applies, the price being the necessity to include many terms in calculating the diffraction constant (5). We therefore have a uniform picture. For large values of ka, one invokes geometric and creeping orbits but for intermediate and small values one invokes the small disk scattering theory elucidated here. These are guaranteed to match smoothly.
Although this was shown explicitly only for two and three disk systems, the same will hold for any number of disks in any geometrical arrangement.
We show the exact and semiclassical results in Fig. 3 for R/a = 60 so that the cross-over condition Real{ka} = 1 corresponds to Real{kR} = 60.
The minimum, which is developing at the right of the figure, has a geometrical interpretation in terms of interference between the two shortest geometrical orbits in the fundamental domain, t 0 and t 1 [26, 28] . As promised, the diffractive picture captures this behaviour.
For the highest values of k, we used 70 partial waves in the calculation of the diffraction constant (5). If we held the number of partial waves fixed, the calculation would start to fail for larger values of |kR|. We also include the results from the theory of geometrical orbits [28] for comparison. The new régime is at the left of the figure where Real{ka} ≪ 1. There it can be seen that the widths of the resonances increase logarithmically with kR, a result which we generically expect for diffraction [5, 8] . In those references it is shown that the width of the first resonance scales as log(d) and since d scales logarithmically with a, we find that the width of the first resonance scales as log(log(R/a)), as opposed to the log(R/a) behaviour predicted by geometric orbits [2] . The resonance becomes infinitely wide and thereby physically irrelevant as R/a → ∞, however this happens slowly so the resonance remains visible even for extremely large values of R/a.
In Fig. 3b we show the results for the and so too are the weights t 0 and t 1 . The result on the spectrum is approximately the same as if there were just one weight, a situation which is known to lead to rather uninteresting spectra [2, 5] . For this reason we were led to study the four disk problem which we discuss next.
The four disk problem shown in Fig. 4a has more structure than the three disk because there are two distinct lengths in the problem; in addition to the side length R, there is the diagonal length √ 2R. Accordingly, we define the factor As before, we want to find the Markov graph of the problem for which we study the dynamics in the fundamental domain which is one eighth of the full plane and is shown in Fig. 4a . Starting at the half disk, we can go in one of two directions, which we call A and B.
We want to find all paths which start and end at either A or B. From A we first reflect off the vertical wall and upon returning either diffract back which we call 0, diffract to A ′ and then reflect onto A which we call 1 or diffract to B which we call 2. From B we first travel to the centre and on returning either diffract back which we call 3, diffract to A which we call 4 or diffract to A ′ and reflect to A which we call4. This is shown diagrammatically as a Markov graph in Fig. 4b . Note that process 3 is a boundary orbit which lies on a symmetry axis and can be shown to contribute only to the spectra of representations which are not odd with respect to reflections through that axis [34] .
The weights corresponding to each process involve one geometric arc and one diffraction so we find
In general each one of these also has a group theoretic factor depending on the group representation being considered. Again, we start with the symmetric A 1 representation for which all the characters equal one. Enumerating all closed loops and products of closed loops on the graph, we read off the zeta function [18] as
where we have used the equality between t 4 and t4. This result involves cycles of topological lengths one and two. We now have contributions of length two since the graph has two nodes, however cycles of length three and higher are absent in Eq. (24) . We again note that this is the same expression as the cycle expansion of the 4-disk problem discussed in Ref. [29] where we use use t 01 = t 0 t 1 and additionally invoke the identification between {t 0 , t 1 , t 3 , t 2 t 4 , t 2 t 4 , t 1 t 2 t 4 , t 0 t 2 , t 4 } in our notation and {t 0 , t 1 , t 2 , t 02 , t 12 , t 112 , t 002 } in theirs. As before, we can use this fact to read off the zeta functions of the other representations from
Ref. [29] , ζ −1
We are primarily interested in the region ka < 1 for which the diffraction constants are almost equal (ie the s-wave limit) and we see that the A 2 and B 1 representations have almost total cancellation and therefore their resonances are comparatively deep in the complex k plane. These are the representations which are odd with respect to reflections across the diagonals of the square so process 3 does not contribute. Instead we concentrate on the representations A 1 , B 2 and E. In Fig. 5 we plot the exact positions of these three representations found using the algorithms of Refs. [33, 35] together with the semiclassical approximations from Eqs. (24) and (25) for R/a = 600. In all cases, the semiclassical predictions from the zeta functions work well although it is interesting to note that there is a noticeable deterioration of the quality for the resonances with large imaginary part. The irreducible representations A 1 and B 2 have richer spectra due to the interferences among the three basic weights. The E resonances are given by a zeta function which is dominated by the weight t 3 and thereby shows the characteristic logarithmic behaviour discussed above and observed in Fig. 3a . For larger values of k, the quadratic terms of Eq. (25) become important leading to more structure in the E spectrum. This structure will eventually develop into the rich spectrum of scattered resonances predicted by the geometrical orbits.
In conclusion, we have discussed a form of discontinuity which is amenable to discussion in terms of diffraction, that of small disks. Since the effect of a disk vanishes as the disk radius goes to zero, we must consider disks of some fixed size. Doing so introduces a length scale in the problem such that if ka ≫ 1 one can use standard geometrical orbits. However in the domain ka ≪ 1 a qualitatively new physical picture is necessary. The formalism we discuss here incorporates both limits but at the price of having to include many partial waves when ka ≫ 1. We have tested this theory in systems consisting of three and four disks arranged symmetrically on the plane. The formalism of Markov graphs and zeta functions applies equally well to any system in which there exist objects which can be approximated as point singularities, including point scatterers mentioned above [16] and Aharonov-Bohm flux lines [36] . These systems allow a finite approximation based on zeta functions to give their scattering resonances and as such are formally useful in testing the formalism. However, the arguments developed here apply equally well to bound systems. Putting a small disk or other singularity inside a billiard introduces diffractive paths which appear in the Fourier transform of the spectrum [37] in a characteristic way, just as with edge diffraction [6, 9] . 
